
Nonparametric Score Estimators





• 𝑝(𝐱)

•

• 𝐱1, ⋯ , 𝐱𝑀 ∼ 𝑝 𝐱 .

• ∇𝐱 log 𝑝(𝐱)

𝐱1:𝑀 ∼ 𝑝(𝐱)

𝑠𝑝 ≔ ∇𝐱 log 𝑝(𝐱)
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• 𝐱1, ⋯ , 𝐱𝑀 ∼ 𝑝 𝐱

• 𝑠𝑝 ≔ ∇ log 𝑝

•

• 𝔼𝐱[𝒦 𝐱, ⋅ 𝑠𝑝(𝐱)]



• We can use integration by parts to reformulate the unknown term

𝐿𝒦𝑠𝑝 𝐲 = 𝔼𝐱 𝒦 𝐱, 𝐲 𝑠𝑝 𝐱 = −𝔼𝐱[div𝐱𝒦 𝐱, 𝐲 T]

•

Ƹ𝑠𝑝,𝜆 = − 𝐿𝒦 + 𝜆𝐼
−1 መ𝜁 መ𝜁 =

1

𝑀
σ𝑖=1
𝑀 div𝐱𝑚𝒦 𝐱𝑚, 𝐲 T



• The (Tikhonov) regularization term in the loss approximates the inverse

• We can consider the general regularization

• For example, 𝑔𝜆 𝜎 = 𝜎 + 𝜆 −1 is the Tikhonov regularization

𝐿𝒦

Ƹ𝑠𝑝,𝜆 = − 𝐿𝒦 + 𝜆𝐼
−1 መ𝜁



Tikhonov Regularization
Spectral-Cutoff Regularization

Iterative-based RegularizationTruncated Tikhonov

𝑔𝜆 𝜎 = poly(𝜎)



•

• 𝑘:𝒳 ×𝒳 → ℝ

•

•

•

• 𝑂(𝑀3)



•

• 𝑘:𝒳 ×𝒳 → ℝ

•

•

• 𝑗

• 𝑂(𝑀3𝑑3)



• 𝑔𝜆 𝜈

• 𝑠𝑝 = 𝐿𝒦
𝑟 𝑓0 𝑓0 ∈ ℋ𝒦 𝑟 ∈ [0, 𝜈]

• 𝑟

•

•



𝑂(𝑀3) ≤ 1/8 1/4,1/2

𝑂(𝑀3) 0,1/4

𝑂(𝑀3𝑑3) 1/4,1/3 1/4,1/3

𝑂(𝑀𝑁2𝑑3) 1/4,1/3 1/4,1/3

• 𝑀 𝑑 𝑁 ≈ 𝑀 log𝑀
• 𝐿2

¨



•

• 𝜈

•

• 𝑘 𝐱, 𝐲 = 𝜙(| 𝐱 − 𝐲 |)

•

• 𝑂(𝑀2𝑑2) 𝑂(𝑀2𝑑)











𝜈





𝜈
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https://github.com/miskcoo/kscore
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