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Gradients of Intractable Log-densities

Where do they appear?

q(z|x)

Generative Models

(KL-divergence, entropy)
[Tolstikhin et al., 2017, Song et al., 2019]

2020.06.14

Gradient-free MCMC

[Strathmann et al., 2015]
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The Score Estimation Problem

Estimating gradients of log-densities from samples @
|
* Assume that p(x) is intractable o
« But easy to get samples. l

* Given i.i.d.samples x!,---,x" ~ p(x). 2~ N0, 1), x = fnne)

Distributions generated by a non-
invertible transformation

Distributions directly
specified by a set of particles

 Estimate V4 log p(X) using these samples.
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The Score Estimation Problem

Our contributions

* Aunified framework of nonparametric score estimators

* Based on vector-valued regression + regularization

 Unifying KEF (Sriperumbudur et al., 2017), Stein (Li & Turner, 2018), (Shietal., 2018)

A unified analysis of the convergence results

* Recover, improve, or establish the convergence of existing estimators

curl-free score estimators

* Reduce the computational complexity depending on dimensions



Score Estimation via Regression

An ideal case

e Giveni.i.d. samples x?, -, x" ~ p(x)

* Suppose we know the ground truth s, := Vlogp at sample points

* We can minimize the empirical mean-square error (MSE) in a vector-valued RKHS

Sp. A = arg min

* The solutionis §, »

sEHK m=1

(L + M)~!

L/Csp

A

M
1 m m
2 7 lls(x™) = sy ()13 + 5 sl

Empirical estimate of Ex[K (X, -)s,(X)]



Score Estimation via Regression

Towards the real case

* We can use integration by parts to reformulate the unknown term

Lysp(y) = Ex[K (% y)s, (0] = —Ex[div, K (%, y)"]

The empirical estimate is known!
 Now, we obtain our estimator

$pa = —(Ly + /11)_15, where { = %Z’i‘il div,mK (x™,y)T



Score Estimation via Regression

General regularization schemes

* The (Tikhonov) regularization term in the loss approximates the inverse

m m A
7 2 IsO™) = sy (XMIE 4 S sl

. |:> Sp’/'lz—

(Lyc + A1)

¢

Approximation of Ly

* We can consider the general regularization

g
Sm o

—gx (L )¢

* For example, g;(0) = (o + 1)~ is the Tikhonov regularization



Regularization Schemes

gr(o) = (o +A)~*

Tikhonov Regularization

9)\(0) = 1ys>0} (A + Q)_l

Truncated Tikhonov

ol o>\,

9A(0) = 0 g < \.

Spectral-Cutoff Regularization

ga(o) = poly(o)

[terative-based Regularization



Hypothesis Spaces

Diagonal matrix-valued kernels

 How to choose the matrix-valued kernel?

* Consider a scalar-valued kernel k: X’ X X’ — R, we can use the diagonal kernel
]C(Xa y) — k(X, Y)Id

* This corresponds to a product RKHS H¢ := @, Hy

 All output dimensions of the function are independent ( like SSGE, Stein )

* This assumption may not hold for the score function

 The computation cost is low, i.e., O (M?3)



Hypothesis Spaces

Curl-free matrix-valued kernels

* We want elements in the RKHS to be a gradient of some functions.

 Consider a scalar-valued RBF kernel k: X X X — Rwith k(x,y) = ¢(x—Y)

* we can construct the curl-free kernel

Ket(x,y) := —V2p(x —y)

 Each function in this RKHS is a linear combination of columns of such kernel

* The j-th columnofitis —V/(9;¢), whichis a gradient field!

 The computation cost is high, i.e., 0(M3d?>)

[Fuselier Jr, 2007; Macedo & Castro, 2010]



Convergence Rates

The regularization qualification

* The qualification of the regularization g, is the maximal v such that

sup |1 — g (o)ala” <y, A
O<o < K?

* It turns out that when s, = Ly f, for some f, € Hy and r € [0, v],

~Q L — T”"
189\ = spllae = Op (M~ 2772)
* The number 7 reflects the “smoothness” of the score

* The maximal convergence rate depends on the regularization qualification

* The spectral cutoff regularization, and iterative regularization are theoretically better!
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Different Kernel Score Estimators

Unified in our framework

Algorithm Regularizer Complexity Rate Rate
(original) (this work)

SSGE [1 Diagonal Spectral-Cutoff o(M3) <1/8 [1/4,1/2]
Stein [2] Diagonal Truncated Tikhonov 0(M3) None [0,1/4]*
KEF [3] Curl-Free Tikhonov 0O(M3d3) [1/4,1/3] [1/4,1/3]

NKEF [4] Curl-Free Truncated Tikhonov O(MNZ2d3)  [1/4,1/3] [1/4,1/3]

* M isthesamplesize, d is the dimension, N = \/ﬁlogM
 The rate of Stein uses the sup-norm, others are L?-norm

1] Shi, J., Sun, S., and Zhu, J. A spectral approach to gradient estimation for implicit distributions. ICML 2018.

[1]
[2] Li, Y. and Turner, R. E. Gradient estimators for implicit models. ICLR 2018.

[3] Sriperumbudur, B., Fukumizu, K., Gretton, A., Hyvarinen, A., and Kumar, R. Density estimation in infinite dimensional exponential families. JMLR 2017.
(4]

4] Sutherland, D., Strathmann, H., Arbel, M., and Gretton, A. Efficient and principled score estimation with nystr'om kernel exponential families. AISTATS 2018.
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Iterative Curl-free Estimators

Reduce the complexity on the dimension

* We proposed two iterative methods that only require matrix-vector multiplication

* |terative regularization methods (v-method)

» Using Conjugate Gradients to solve linear systems

* When using curl-free kernels, induced by k(x,y) = ¢(||x — yl|)
be d)" . (?5;

}Ccf(xﬁy) — (?"_3 o 7“_2 rr — —1

* Thisis rank-one matrix + identity matrix

 Reduce the complexity of matrix-vector multiplication from 0(M?d?) to O(M?d)

2020.06.14 Nonparametric Score Estimators 13



Iterative Curl-free Estimators

Spectral decay of kernel matrices
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Figure 2. (a) Computational costs of KEF-CG for A = 10~° on
MNIST; (b) The ratio of the maximum and the minimum eigenval-
ues of kernel matrices.
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Toy Experiments
A grid distribution
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normalized /2 distance

Toy Experiments
A grid distribution
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Wasserstein Autoencoders
On MNIST

Table 3. Negative log-likelihoods on the MNIST dataset and per epoch time on 128 latent dimension.

v

Parametric

2020.06.14
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LATENT DIM 8 32 64 128 TIME
STEIN 97.15+0.14 92.104+0.07 101.60+0.44 |114.41 +£0.25 4.28 Diagonal
%0 SSGE 97.24 4+ 0.07 92.244+0.17 101.92+0.08 |114.57 £0.23 9.258 Kernel
‘43 KEF 97.07 £0.03 90.93 +0.23 91.58 + 0.03 02.40 +0.34 201.1s
‘% NKEFs 97.71 £0.24 92.29 4+ 0.41 02.82 +0.18 94.14 + 0.69 36.45  Curlfree
w NKEF,4 97.59 +0.15 91.19 +0.08 91.80 +0.12 02.94 + (0.58 97.5S  Kernel
NKEFs 97.23 +0.06 90.86 4+ 0.09 902.39 + 1.32 902.49 +0.41 301.258
g KEF-CG 97.39 +0.22 90.77 =0.12 902.66 + 0.67 92.05 £+ 0.06 13.7s | Curlfree
O V-METHOD 907.28 =0.17 90.94 4+ 0.02 91.48 + 0.09 92.10 £+ 0.06 78.1s | Kernel
SSM —— 96.98 + 0.27 89.06 + 0.01 93.06 £ 0.68 96.92 + 0.08 6.0s Neural

Network



KEF-CG

v-method

SSGE

Stein

Wasserstein Autoencoders

On MNIST
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Diagonal Kernel



Wasserstein Autoencoders

On CelebA

Table 4. Fréchet Inception Distances on the CelebA dataset and per epoch time on 128 latent dimension.

LATENT DIM 8 32 64 128 TIME
STEIN 73.85+1.39 58.29+0.46 57.54+0.57 7631 =x1.33 164.4s
SSGE 72.49 +1.09 58.01 £0.60 58.39+1.00 7685+1.12 172.258
NKEF- 75.12+1.55 53.9240.29 51.16 +-0.30 55.17+£0.43 244.7s
NKEF,4 73.15+0.77 5454 +1.02 50.76 £0.19 53.70+0.10 412.5s
KEF-CG 7292 +0.60 54.324+0.31 50.444+0.20 50.66+0.80 166.25
/-METHOD 72.02 +1.22 52.86+0.20 50.16 +-0.23 52.80+0.43 220.9s
SSM 69.72 +£0.25 4993+0.74 72.68+1.75 94.07 £3.57 163.35S
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Wasserstein Autoencoders
On CelebA
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A Library of Kernel Score Estimators

An example

 Kernel score estimators contains too many formulas

* We provide a library of them in https://github.com/miskcoo/kscore

* Asimple example using Tikhonov regularization + curl-free kernels

> Change these for other methods -

estimator = Tikhonovklam=@.@@@1, kernel=kernels.CurlFPeeIMQb

estimator.fit(samples, kernel hyperparams=kernel width)
estimator.compute gradients(x)

2020.06.14 Nonparametric Score Estimators


https://github.com/miskcoo/kscore
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