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Information Geometry
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Space of φ

p(x; θ) = p∗(x;φ(θ))

How about working in space of probability distributions {p(x; θ)}?



Natural Gradient
Definition

For any problem with loss function

h(θ) = f(q(x; θ)), (1)

its natural gradient:
∇̃h = F(θ)−1∇θh, (2)

where F(θ) is the Fisher information matrix:

F(θ) = Eq(x;θ)
[
∇θ log q(x; θ) log q(x; θ)>

]
= −Eq(x;θ)[∇2 log q(x; θ)]

[Amari, 1998]



Natural Gradient
Geometric Interpretation (1)

I Gradient descent:
θt+1 = θt − ρt∇θh(θ). (3)

I Equivalent formulation:

θt+1 = argmin
θ

h(θt) +∇θh(θ)>(θ − θt) +
1

2ρt
‖θ − θt‖2. (4)

I Considering geometry of q:

θt+1 = argmin
θ

h(θt) +∇θh(θ)>(θ − θt) +
1

ρt
KL[qθt‖qθt+1 ] (5)



Natural Gradient
Geometric Interpretation (2)

Euclidean distance is inappropriate:



Natural Gradient
KL Divergence and Fisher Information

Eq(x|θ)∇θ log q(x|θ) = 0

log q(x|θ) = log q(x|θt) +∇θ log q(x|θt)>(θ − θt)

+
1

2
(θ − θt)>∇2

θ log q(x|θt)(θ − θt) +O((θ − θt)3).

KL[qθt‖qθ] = Eq(x|θt)[log q(x|θt)− log q(x|θ)]

= −1

2
(θ − θt)>Eq(x|θt)[∇

2
θ log q(x|θt)](θ − θt) +O((θ − θt)3)

≈ 1

2
(θ − θt)>F(θt)(θ − θt).



Natural Gradient
Geometric Interpretation (2)

Remember to consider the geometery of q:

θt+1 = argmin
θ

h(θt) +∇θh(θ)>(θ − θt) +
1

ρt
KL[qθt‖qθt+1 ].

Plugging in the local quadratic approximation

θt+1 = argmin
θ

h(θt)+∇θh(θ)>(θ−θt)+
1

2ρt
(θt+1−θt)>F(θt)(θt+1−θt)

We get the natural gradient update:

θt+1 = θt + ρtF(θt)
−1θt (6)

I Note More rigorous derivation can show

−
√
2
∇̃h
‖∇‖F−1

= lim
ε→0

1

ε
argmin

d:KL[qθ+d‖qθ]≤ε2
h(θ + d). (7)



Natural Gradient for Point Estimation (NGPE)
Natural gradient as Approximate Second-order Methods: Special Case

Consider MLE for a neural network:

h(θ) = − 1

|S|
∑

(x,y)∈S

log p(y|x; θ). (8)

If the loss L(y, f(x; θ)) is not defined as − log p(y|x; θ), we could assume

p(y|x; θ) ∝ exp{−L(y; f(x; θ))}. (9)

Fisher information matrix:

F = Ep(x,y)[∇ log p(y,x|θ)∇ log p(y,x|θ)>] = −Ep(x,y)[Hlog p(y|x;θ)].

Empirical fisher:

F̂ = EQxEp(y|x)[∇ log p(y|x; θ)∇ log p(y|x; θ)>]

= − 1

|S|
∑
x∈Sx

Ep(y|x)[Hlog p(y|x;θ)]

Hessian of h:

Hh = − 1

|S|
∑
x∈Sx

EQ(y|x)[Hlog p(y|x;θ)]



Natural Gradient for Point Estimation (NGPE)
Natural gradient as Approximate Second-order Methods: Justification

Let
z = f(x; θ) (10)

Gauss-Newton Approximation for L = 1
2‖y − z‖2:

G =
1

|S|
∑

(x,y)∈S

∇θf(x; θ)∇θf(x; θ)>

Generalized Gauss-Newton Approximation for arbitrary loss L(y, z):

G =
1

|S|
∑

(x,y)∈S

∇θf(x; θ)HL∇θf(x; θ)>, HL = ∇2
zL.

When L = − log f(x; θ), HL = 1
f(x;θ)2 ., then we have

G = ∇θL∇θL>. (11)

[Martens, 2014, Bottou et al., 2018]



Natural Gradient for Variational Inference (NGVI)
Variational Inference (VI)

Consider a latent-variable model that takes the following form:

p(D, z) =

[
N∏
i=1

log p(Di|z)

]
p(z). (12)

p(z) is an exponential family, denoted by

p(z) = h(z) exp{η>0 φ(z)−A(η0)}. (13)

Variational Inference works by approximating p(z|D) by another
exponential family distribution q(z|λ):

qλ(z) = h(z) exp{λ>φ(z)−A(λ)}. (14)

The variational objective is

L(λ) =
N∑
i=1

Eqλ log p(Di|z) + Eqλ
[
p(z)

qλ(z)

]
. (15)



Natural Gradient for Variational Inference (NGVI)

A straightforward approach to maximize L:

λt+1 = λt + ρt∇λL(λ). (16)

which is equivalent to

λt+1 = argmax
λ

λ>∇λL(λt)−
1

2ρt
‖λ− λt‖2. (17)

This simple approach uses Euclidean distances while ignoring the
information geometry of qλ(z). Natural gradient VI fixes this issue by:

λt+1 = argmax
λ

λ>∇λL(λt)−
1

ρt
KL[qλ(z)‖qλt(z)]. (18)

Plugging in the local approximation:

λt+1 = argmax
λ

λ>∇λL(λt)−
1

2ρt
(λ− λt)

>F(λt)(λ− λt). (19)

Then the solution is:

λt+1 = λt + ρtF(λ)
−1∇λL(λt), (20)

where ∇̃λL(λt) = F(λt)
−1∇λL(λt) is known as the natural gradient.



Exponetial Families

The mean parameters of qλ(z):

µ = Eqλ [φ(z)].

Duality between the natural parameter and the mean parameter:

∇A(λ) = µ, ∇A∗(µ) = λ.

[Wainwright et al., 2008]



Natural Gradient for Variational Inference (NGVI)
Natural Gradient is Mirror Descent

Let the form of L with respect to µ be L∗(µ). We have

∇̃λL(λt) = F(λt)
−1∇λL(λt)

= F(λt)
−1
[
∇λµ

∣∣
λ=λt

]>
∇µL∗(µt)

=
[
∇2A(λt)

]−1∇2A(λt) · ∇µL∗(µt)
= ∇µL∗(µt).



Mirror Descent
Legendre-Frenchel Convex Conjugate

Convex conjugate:

ϕ∗(x) = sup
y

{
y>x− ϕ(y)

}
(21)

I ϕ∗∗ = ϕ,
I ϕ(x) + ϕ∗(y) ≥ x>y.

Mirror descent for f(x):

xt+1 = argmax
x

x>∇xf(x)−
1

ρt
Bϕ∗(x‖xt). (22)

Optimal solution:

xt+1 = ∇ϕ∗(∇ϕ(x)− ρt∇xf(x)). (23)



Mirror Descent
Fenchel’s duality in Exponential Families

Given an exponential family:

p(x) = h(λ) exp{θ>φ(x)−A(λ)} (24)

Convex conjugate of A(λ):

A∗(µ) = sup
λ

λ>µ−A(λ). (25)



Natural Gradient for Variational Inference (NGVI)
Natural Gradient is Mirror Descent

Mirror descent for L∗(µ):

µt+1 = argmax
µ

µ>∇µL∗(µ)−
1

ρt
BA∗(µ‖µt). (26)

Note for exponential families:

BA∗(µ‖µt) = KL[q(µ)‖q(µt)] (27)

Mirror descent update

µt+1 = ∇A (∇A∗(µt)− ρt∇µL∗(µt)) .

We can rewrite it as

µt+1 = ∇A(λ− ρt∇̃λL(λ)). (28)

[Raskutti and Mukherjee, 2013]



Natural Gradient for Variational Inference (NGVI)

Given

∇̃λL(λt) = ∇µL∗(µt),

now we use this duality to compute the ∇̃λL(λ).

∇̃λKL[qλ(z)‖p(z)] = ∇µ

[
(λ− η0)

>µ+A(η0)−A(λ)
]

= λ− η0 +∇µλ · µ−∇µA(λ)

= λ− η0.

Thus we have

∇̃λL(λ) = η0 − λ+

N∑
i=1

∇µEq log p(Di|z)
∣∣
µ=µ(λ)

. (29)

For simplicity, we let g̃i(λ) = ∇µEq log p(Di|z)
∣∣
µ=µ(λ)

:

λt+1 = (1− ρt)λt + ρt

[
η0 +

N∑
i=1

g̃i(λt)

]
. (30)



Natural Gradient for Variational Inference (NGVI)
NGVI and Variational Message Passing (VMP) (1)

Besides the gradient based optimization, we could also check the
optimality condition. By setting ∇̃λL(λ) to be zero, we have:

λ∗ = η0 +

N∑
i=1

g̃i(λ
∗). (31)

If the likelihood term is also conjugate, i.e., p(Di|z) ∝ exp{−ηiφ(z)}:

λ∗ = η0 +

N∑
i=1

ηi (32)

This is known to be variational message passing (VMP) in conjugate
exponential-family graphical models.



Natural Gradient for Variational Inference (NGVI)
NGVI and Variational Message Passing (VMP) (2)

I VMP, Infer.NET [Winn and Bishop, 2005].

λ∗ = η0 +

N∑
i=1

ηi (33)

I Stochastic Variational Inference (SVI) [Hoffman et al., 2013]
I NGVI with stochastic approximation for the data term.

λt+1 = (1− ρt)λt + ρt(η0 +
N

|B|
∑
i∈B

ηi) (34)

I Conjugate Computation Variational Inference [Khan and Lin, 2017]
I Generalization of VMP to nonconjugate models (i.e., NGVI).

λt+1 = (1− ρt)λt + ρt

[
η0 +

N∑
i=1

g̃i(λt)

]
. (35)

I Also allows stochastic approximations as in SVI.



Natural Gradient for Variational Inference (NGVI)
NGVI and Variational Message Passing (VMP) (3)

With λ∗ = η0 +

N∑
i=1

g̃i(λ
∗). The optimal qλ has the form:

qλ(z) ∝ h(z) exp


[
η0 +

N∑
i=1

g̃i(λ
∗)

]>
φ(z)


∝ h(z) exp

{
η>0 φ(z)

}
exp


[
N∑
i=1

g̃i(λ
∗)

]>
φ(z)


∝ p(z)

N∏
i=1

exp
{
g̃i(λ

∗)>φ(z)
}
.

p(Di|z) is replaced by exp
{
g̃i(λ

∗)>φ(z)
}
. For local probabilistic

models, where p(z) =
∏N
n=1 p(zn)

I Finding λ∗ for each zn is impractical.
I Idea of amortized inference: Replacing g̃i(λ

∗) with a neural network
r(Di;w) [Johnson et al., 2016, Luo et al., 2018].



NGVI with Gaussian Variational Approximations
NGVI for Bayesian Neural Networks (1)

Below we apply NGVI to Bayesian neural networks (BNN). z is now the
weights w, and the joint likelihood is

p(y,w|X) =

[
N∏
i=1

p(yi|w,xi)

]
p(w). (36)

The prior is chosen to be:

p(w) = N (w|0, τ−1I). (37)

Its natural parameters are η0 = {0,−τI/2}. We define the variational
posterior over w as a Gaussian distribution:

qλ(w) = N (w|m,V), (38)

where λ = {V−1m,− 1
2V
−1}. The mean parameters µ = {µ1,µ2},

where
µ1 = m, µ2 = mm> +V. (39)



NGVI with Gaussian Variational Approximations
NGVI for Bayesian Neural Networks (2)

Remember

∇̃λL(λ) = η0 − λ+

N∑
i=1

∇µEq log p(yi|xi,w)
∣∣
µ=µ(λ)

. (40)

To compute g̃i(λ), we use the gradient estimators for Gaussian
expectations [Graves, 2011]:

∇mEN (w|m,V) [f(w)] = EN (w|m,V) [∇wf(w)] ,

∇VEN (w|m,V) [f(w)] =
1

2
EN (w|m,V)

[
∇2

wf(w)
]
.

For simplicity, we denote

gi(w) = ∇w log p(yi|xi,w), Hi(w) = ∇2
w log p(yi|xi,w).

Thus we have

∇µ1Eq [log p(yi|xi,w)] = Eq [gi(w)]− Eq [Hi(w)]m

∇µ2
Eq [log p(yi|xi,w)] =

1

2
Eq [Hi(w)]



NGVI with Gaussian Variational Approximations
Variational Adaptive-Newton

So the natural gradient update can be written as

V−1t+1 = (1− ρt)V−1t + ρt

[
τI−

N∑
i=1

Eq [Hi(w)]

]
,

mt+1 = mt + ρtVt+1

(
N∑
i=1

Eq[gi(w)]− τmt

)
.

[Khan et al., 2017]



NGVI with Gaussian Variational Approximations
NGVI as noisy NGPE (1)

Generalized Gaussian Newton Approximation



NGVI with Gaussian Variational Approximations
NGVI as noisy NGPE (2)

Concurrent work [Zhang et al., 2017, Khan et al., 2018]



Catastrophic Forgetting

Figure: [Kirkpatrick et al., 2017]



Catastrophic Forgetting
Continual Learning, Bayesian Inference and EWC

Find a solution wB for task B that also performs well on task A.
I Claim Bayesian inference is a natural solution to continual learning:

p(w|DA) ∝ p(DA|w)p(w),

p(w|DB , DA) ∝ p(DB |w)p(w|DA).

Elastic Weight Consolidation (EWC) [Kirkpatrick et al., 2017]

log p(w|DA, DB) = log p(DB |w) + log p(w|DA) + C. (41)

Use a diagonal Laplace approximation to log p(w|DA):

log p(w|DA, DB) ≈ log p(DB |w)+
1

2

∑
i

[F(wA)]ii(w−wA)
2+C. (42)

where

F(wA) = Ep(D|wA)[∇w log p(D|wA)∇w log p(D|wA)
>]

= −Ep(D|wA)[∇2
w log p(D|wA)].



Catastrophic Forgetting
An Information Geometry View (1)

I Many configurations of w will result in the same performance because
the over-parameterization of neural networks.

I It is likely that there is a solution wB for task B that is not far from the
solution of task A, wA. This motivates the following optimization
problem:

wB = argmin
w
− log p(DB |w) + λd(w,wA), (43)

I A naive choice: d(w,w′) = ‖w −w′‖2.
I The optimal distance measure between the two parameters should be

d(w,wA) = KL [p(D|w)‖p(D|wA)] . (44)

I Problem: we need to store all the A dataset when learning from B.



Catastrophic Forgetting
An Information Geometry View (2)

I We show that EWC is in fact a local quadratic approximation to the KL:

log p(D|w) = log p(D|wA) +∇w log p(D|wA)
>(w −wA)

+
1

2
(w −wA)

>∇2
w log p(D|wA)(w −wA) +O((w −wA)

3).

KL[p(D|wA)‖p(D|w)] = Ep(D|wA)[log p(D|wA)− log p(D|w)]

= −1

2
(w −wA)

>Ep(D|wA)[∇2
w log p(D|wA)](w −wA) +O((w −wA)

3)

≈ 1

2
(w −wA)

>F(wA)(w −wA).

I In EWC

d(w,wA) =
1

2
(w−wA)

>F(wA)(w−wA) ≈
1

2

∑
i

[F(wA)]ii(wi−wA,i)
2,

which is clearly using a diagonal approximation to the Fisher matrix.
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