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Dealing with the Intractability of Inference
# Variational Inference (Blei et al., 2003; Teh et al., 2006)
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# Monte Carlo Markov Chains (Griffiths & Steyvers, 2004)

a Collapsed Gibbs samplers iteratively draw samples from the
local conditionals

p(zy, = 1|Z-)




Problem with K

# K represents the model complexity

# It matters a lot in practice
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Problem with K

# K represents the model complexity

# It matters a lot in practice
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# 'Today, we will discuss nonparametric Bayesian methods

& “Nonpararnetric Bayesian methods”?

# What does that mean?




# So now we know what Bayesian means, but what does

nonparametric mean?




Nonparametric

& Nonparametric:

0 Does NOT mean there are no parameters
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Example: Classification
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Complexity of 1-NN
# 2 samples




Complexity of 1-NN
# 10 samples




Complexity of 1-NN
4 100 samples




How about linear SVM?

# 10 samples




How about linear SVM?

# A lot of samples (inseparable)




Example: Clustering
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Complexity of Hierarchical Clustering
# 4 samples
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Complexity of Hierarchical Clustering
# 20 samples
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Example: Regression
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Other Examples: Density Estimation

1p

& Histogram

a Issue with binwidth P B
a Issue with origins of bins P
o Issue with discreteness — m

| ] -

& Smoothing techniques to improve

= Averaged shifted histogram T

o Kernel density estimation

N _ _ _
flz) =) Kz — ) & A
1=1 A _ I

[Chap 3. Nonparametric and Semi-parametric Models, W. Hardel et al., ZOOW




Various Paradigms

& Parametric Models
0 the parameters are belonging to a fixed finite dimensional space,
e.g., a subset of R
# Nonparametric Models

0 the parameters belong to some space, not necessarily finite

dimensional

a Principe of “let the data speak for themselves”

# Semi-parametric Models

o the parameters have both finite dimensional component and

infinite dimensional component

o E.g., (sparse) additive models for regression




Various Paradigms

Semi-parametric Methods

0 c R x R™®

Nonparametric Methods

0 c R




Pros & Cons

# Parametric Models

o If underlying assumptions are correct, the models are simple and easy
to interpret

o If not, estimates may be inconsistent and give misleading results

4 Nonparametric Models:
o Avoid restrictive assumptions

& Usually hard to interpret and yield inaccurate estimates

4 Semi-parametric Models:

o Keep the casy interpretability the former and retain some of the
flexibility of the latter.




Nonparametric Bayesian Methods

# Now we know what nonparametric and Bayesian mean. What

should we expect from nonparametric Bayesian methods?

= Complexity of our model should be allowed to grow as we get

more data

o Place a prior on an unbounded number of parameters




Nonparametric Bayesian Methods
overview

# Dirichlet Process/ Chinese Restaurant Process

o Latent class models — often used in the clustering context
# Beta Process/Indian Buffet Process
o Latent feature models

# Gaussian Process (optional)

o Regression and Classification




Dirichlet Process

# A nonparametric approach to clustering.

# It can be used in any probabilistic model for clustering.




Outline

# A parametric Bayesian approach to Clustering
a Defining the model
a Markov Chain Monte Carlo (MCMC) inference
# A nonparametric approach to clustering
0 Defining the model - The Dirichlet Process!
o MCMC inference

# Extensions




A Bayesian Approach to Clustering

# We must specify two things:

a the likelihood model (how data is affected by the parameters)
p(D0)

a The prior distribution (the prior belief on the parameters)

p(0)




Clustering — A Parametric Approach

# Guassian Mixture Models with K components

o a distribution over classes/clusters: @ = (71, ..., 7TKk)

2 each cluster has a mean and covariance ¢x = (tk, 2k )

p(x) = D meN (x|, Sk)

057

0.5

o Using EM to maximize the likelihood of the data to estimate (7, ¢)

[Figure credit: Bishop, 2006y




Clustering — A Parametric Approach

# Guassian Mixture Models with K components

# An alternative definition

K
G = Z 7Tk:5q5k
k=1

where is 04, an atom at ¢y,

# Then,

x; ~ p(x|6;)

0, ~G
O
©




Clustering — A Parametric Approach
# Bayesian Approach: Bayesian Gaussian Mixture Models with

K mixtures

o a distribution over classes/clusters @ = (w1, ..., 7x)
7 ~ Dirichlet(a/K, ..., a/K)

a each cluster has a mean and covariance ¢r = (g, Xk )

(ptg, 2k ) ~ Normal-Inverse-Wishart(v)

# We still have

1y 1

p(x) =S MmN (X, Sx) )

k=1

ol ' 0




Clustering — A Parametric Approach
# Bayesian Approach: Bayesian Gaussian Mixture Models with

K mixtures

# The Alternative Definition

o0 (G 1snow a random measure

or ~ Go

(Go)

7 ~ Dirichlet(a/K, ..., a/K) a e ] ‘
(%)
(x)

K
G = Z 7Tk:5q5k
k=1

0, ~G

x; ~ p(x|0;)




The Dirichlet Distribution

# We have 7 ~ Dirichlet(a/K, ..., a/K)
# A Dirichlet distribution has the form

r (Zf:l ﬂ"k)

—1 _as—1 o —1
p(rla) = 7% T Ty TR
[T—: T(ag)
- K—1
where Tk =1 — ) ;::1 T
# The expectation is
o
E[WZ] — K z
D k—1 Ok

# Beta distribution is a Specia] case with K = 2.




Key Property of Dirichlet Distribution

& Aggregation Property
o If
(7T1,...,7TZ',7TZ'_|_1,...,7TK) NDiI‘iChlet(Oél,...,Oéz',OéH_l,...,OéK)
a Then
(71, ..., ™ + miy1, ..., 7Tk ) ~ Dirichlet(aq, ..., ; + a1, ..., aK)

o This is valid for any aggregation

K K
(7T1 —+ 72, Zﬂ'z) ~ Beta(al -+ OfQ,ZO!i)




Multinomial-Dirichlet Conjugacy
# Let

X ~ Multinomial(7), and w ~ Dirichlet(«)

# The posterior

p(m|X) o< p(X|m)p(m)

o () (T T

which is Dirichlet(a + x)




Clustering — A Parametric Approach
# Bayesian Approach: Bayesian Gaussian Mixture Models with

K mixtures

# The Alternative Definition

o0 (G 1snow a random measure

b~ G QAN
7 ~ Dirichlet(a/K, ..., a/K) a e i 0
K
G:Zﬂ-kdﬁbk @
k=1
0; ~ G G | ="

x; ~ p(x|0;)




Bayesian Mixture Models

# We no longer want just the maximum likelihood parameters,

we want the full posterior:

p(m, ¢|D) o< p(Dlr, ¢)p(m, P)

o Unfortunately, this is not analytically tractable

# Two main approaches to approximate inference
o Markov Chain Monte Carlo (MCMC) methods

o Variational approximations




Bayesian Mixture Models - MCMC
Inference

& Introduce “membership” indicators z: .where z; ~ Multinomial (7
P )

indicates which cluster data point i belongs to

# The model is equivalently represented as

¥ —"*/’FT C‘:U

.

| |
v '
p(r. 2.6/D) o p(DIZ, )p(Zimp(m. ) | () AQ

@/
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Gibbs Sampling for the Bayesian Mixture
Models

& Randomly initialize Z,m, ¢ . Repeat until we have enough

samples

= Sample z; from

K
p(z|Z_i,m,¢,D) ZWkP(XiWk)CSz@-,/@
k=1
0 Sample 7 from

p(mw|Z, ¢, D) = Dirichlet(n; + a/K,... ,ng + a/K)

where n; is the number of points assigned to cluster i.

o Sample each ¢x from the NIW posterior based on (Z, D)




Derivations

# For z; , it’s easy to derive K

(2l Z i, 7,6, D) o Y mip(il¢)dz,
k=1
# For 7, it’s also easy due to conjugacy

p(mw|Z, ¢, D) = Dirichlet(n; + a/K,... ,ng + a/K)

# For ¢, it’s also easy due to conjugacy
o The Normal-Inverse-Wishart (NIW) distribution

Zk|lﬁl, W ~ IW(Za K, W—1)7
Pl Sk, o, p ~ N (s po, Xi/p)

W |/ 1
‘ | o+ M1 eXp(—iTr(W2_1)>

IW(E; kW) = —
2°7 T (5)[Z 72




Conjugacy of NIW and Gaussians

# Details
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20 iterations




Collapsed Gibbs Sampler

# Idea for an improvement:

o we can marginalize out some variables due to conjugacy, so do
not need to sample it. This is called a collapsed sampler. Here
marginalize out T

# Randomly initialize Z, ¢ . Repeat:

a Sample each z; from
K
p(zi|Z i, ¢, D) o< Y (0", + o/ K)p(xi|¢r )0, »
k=1

n” . . # of data points assigned to component k, except i

o Sample each ¢, from the NIW posterior based on (Z, D)




Detalls

# For ¢, the conditional doesn’t change.
& For Z, we have

0.2.7) = [ pr.6.2.2) =) [Tptxlz09) [ o) [T
op/K+ng, Hk (Oék;/K—I—nk)
Jre oo [ Lo = s ey

W /oI < [Irig +m

L Q J
||» p(¢, 2 = k,Zi,D) Hp (G +nt e DTG +nly)
7k
= p(¢)p(xi|zi, ) (= + - HF —Z +nl) [[p(xil2, ¢)
j#i

p(qba i = ka Z—iap) O(p(XZ'|ZZ', )(— _’_n—z)

K Y,




Summary: parametric Bayesian clustering

# First specify the likelihood - application specific.
# Next specify a prior on all parameters.

# Exact posterior inference is intractable. Can use a Gibbs

Sampler for approximate inference.




How to choose K?

# How many clusters?




How to choose K?

@ Generic model selection:
o cross-validation, AIC, BIC, MDL, etc.

# Can place of parametric prior on K.

@ What if we just let £ — o0 in our parametric model?




Outline

# A parametric Bayesian approach to clustering
a Defining the model
a Markov Chain Monte Carlo (MCMC) inference
# A nonparametric approach to clustering
0 Defining the model - The Dirichlet Process!
o MCMC inference

# Extensions




A Nonparametric Bayesian Approach to
Clustering

# We must again specity two things:
a The likelihood function (how data is attected by the parameters):

p(DI0)

Identical to the parametric case.

a The prior (the prior distribution on the parameters):

p(0)
The Dirichlet Process!

4 Exact posterior inference is still intractable. But we have can

derive the Gibbs update equations!




What is Dirichlet Process?

g )

Hmmm..,
-.Maybe....
Spoiled Rice

[http://www.nature.com/nsmb/journal/v7/n6/fig_tab/nsb0600_443_F1 .htmy




What is Dirichlet Process?

(G(A1), ..., G(Am))

[http://www.nature.com/nsmb/journal/v7/n6/fig_tab/nsb0600_443_F1 .htmy




Dirichlet Process

# A flexible, nonparametric prior over an infinite number of
clusters/ classes as well as the parameters for those classes.

# The Dirichlet Process (DP) is a distribution over
distributions. We write

G ~ DP(O&, GO)
to indicate G is a random distribution drawn from the DP

# Parameters:
o0 @ - the concentration parameter

a Gy - the base distribution. A prior for the cluster-specitic
parameters




Dirichlet Process

# Definition: Let G be a probability measure on the measurable

space (2, B) and a € R .

# The Dirichlet Process DP(«a, Gq) is the distribution on

probability measure G such that for any finite partition

(Ala---aAm) Of ()
(G(Ay),...,G(An)) ~ Dirichlet(aGg(A1), ..., aG(An))

-~ % - -
7 \ - ™,

A L
- Ay A, T As

[Ferguson, Annals of Stats., 1973y




Mathematical Property of DP

# Suppose we sarnple

G ~ DP(O{,G())
0~ G

# What is the posterior distribution of G given 0,?

Qo 1
el NDP< 1, G 5 )
61 @t o+ 1 0+a+191

# More generally

G|Oy,...,0, NDP(Oz—I—n7
o

259)

[Ferguson, Annals of Stats., 1973y




Mathematical Property of DP
# With probability 1, a sample G ~ DP(«a, Gy) is of the form

G = f: 7Tk5q5k
k=1

# This is why DP can used for Clustering!

Gy N\

[Sethuraman, Statistica Sinica, 1994y




The Stick-Breaking Process

# Detine an infinite sequence of Beta random variables:

Br ~ Beta(l,a), k=1,2,...
# And then define an infinite sequence of mixing proportions

as: m = i

k—1
ﬂ-k:/Bk H(1—61)7 k:2)37
1=1

# This can be viewed as breaking off portions of a stick:

51 (1—p54)
_
™ /82 (1 T /82)
*
T2 B3 (1-—ps)

3

—




The Stick-Breaking Process

# We now have an explicit form of =

m = b1
k—1

Tk :/Bk: H(l—ﬁz)a k:2737
1=1

# We can also easily see that Z 7. = 1 with probability 1

k=1
o How to prove?

o

# So, G = E Trds, 1s a random measure
k=1




The Stick-Breaking Process

4 Equivalent representation of DP mixtures
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The Chinese Restaurant Process (CRP)

# A random process in which n customers sit down in a

Chinese restaurant with an infinite number of tables
o first customer sits at the first table

o the nth customer chooses a table with probability

ng .
= k) = f - d table k
p(z ) —1ta or a pre-occupied table
o
= k) = . £ ty table k
p(z ) —iTa or an empty table

o where 7k is the number of people sitting at table k.




CRP defines a Partition

# With 10 customers, after sampling, we have

210

22‘21 210|21,...

p(z1, 22, - -

a 1 Q 1 1 2 2 2 3
al+a24+ad3+ad+ad+ab+a7+a8+a9+ a

& Properties:
0 Any seating arrangement creates a partition

o Permutation invariant: relabeling the customers doesn’t Change
the distribution

o Expected number of occupied tables:  O(alogn)




The CRP and Clustering

4 Data points are customers; tables are clusters
o CRP defines a prior distribution on the partitioning of the data and
on the number of tables
# This prior can be completed with:

a a likelihood — e.g., associate a parameterized probability distribution
with each table

0 a prior for the parameters — a customer to sit at table k chooses the
parameter vector for that table from the prior

# So we now have a distribution for any quantity that we might care
about in the clustering setting




Relation between CRP and DP

# Important fact:
o The CRP is exchangeable.

# Infinite Exchangeability:

Vn, Vo, p(x1,...,2n) = p(To1)s-- > To(n))

# De Finetti’s Theorem (1955):if (x1,25,...) are infinitely
exchangeable, then Vn

n

p(@1, .. 2n) = / (TIp(il0))apo)

1=1

for some random variable 4




Relation between CRP and DP

# The Dirichlet Process is the De Finetti mixing distribution for
the CRP.

# That means, when we integrate out G, we get the CRP

n

(@)

p(0y1,....0,) = /Hp(@AG)dP(G) « (& o
(%)
(x)

1=1




The DP, CRP and Stick-Breaking Process

# Three birds on the same stone

G ~ DP(O(, GO)

/\_ Stick—breaking Process

(just the weights)

The CRP describes a

partition of § when

G is marginalized out




Inference for DP Mixtures — Gibbs sampler

# We introduce the indicators z; and use the CRP
representation.

# Randomly initialize Z, 6 . Repeat:
o sample each z; from

K
22,0, X o< > nF p(xi|01) 0z, 1k + af (xi|Go)dz, k11
k=1

a Sample each 6y based on Z and X only for occupied clusters

# This is the sampler we saw earlier, but now with some

theoretical basis.




Inference for DP Mixtures — Gibbs sampler
# More Details

o For the component j with n—; ; > 0

p(zi = J|Z-,0,X) x p(z; = j|Z_;, a)p(xi]60;)
J

n_;
N1+ alXil0)

o For a new component

Let A = {Zz 75 zy for all 2 7é i’}

P(AZ_s, X) = / p(A,01Z_1, X)d0 o p(A|Z_,) [ po(8)p(xi|0)do

«x

x5 [ pxlOm©)ds

K
W) =700, o 30 e,k + o (xiIGo)b, o
k=1




MCMC in Action for DP
# Matlab demo:

4
8 5 4

[Figure credit: Miller, ZOl(y




Improvements to the MCMC Algorithm

# Collapsed Gibbs sampler — collapse out the 6, it conjugate

model

@ Split—merge algorithms




Summary: Nonparametric Bayesian
Clustering

# First specify the likelihood - application specific.
# Next specify a prior on all parameters - the Dirichlet Process!

# Exact posterior inference is intractable.

o Can use a Gibbs sampler for approximate inference. This is
based on the CRP representation.
o Can use variational methods for approximate inference. This is

based on the Stick—Breaking representation




Outline

# A parametric Bayesian approach to clustering
a Defining the model
a Markov Chain Monte Carlo (MCMC) inference
# A nonparametric approach to clustering
a Defining the model - The Dirichlet Process!
o MCMC inference

# Extensions




Hierarchical Bayesian Models

@ Original Bayesian idea

o View parameters as random variables - place a prior on them.

# Problem?

o Often the priors themselves need parameters.

# Solution

o Place a prior on these parameters!




Multiple Learning Problems

# Example: x; ~ N (6, o?) in m different groups

o|l®| |

Ny Ny N,

# How to estimate 0; for each group?




Multiple Learning Problems

# Example: x; ~ N (6, o?) in m different groups

# Treat 0; as random variables sampled from a common prior
(97; ~/ N(eo, 0'(2))

(%)
Sip




Multiple Learning Problems

# Example: x; ~ N (6, o?) in m different groups

# Treat 0; as random variables sampled from a common prior
(97; ~/ N(eo, 0'(2))

¢

ORENC 0 o

o) o] |e

3
m




Multiple Learning Problems

& Independent estimation "2 Hierarchical Bayesian

IE

Ny Ny

e,

# What do we do it we have DPs for multiple relate
H

=

O®

Ni

m

d dat

o

sets?

&

a_

e-olo




Hierarchical Dirichlet Process

# What kind of distribution do we use for Gg ?

& Attempt 1:

o Suppose 0;; are mean parameters for a Gaussian

where
Gi ~ DP(O&, Go)

and Gy is a Gaussian with unknown mean?

Go = N(:u()v O—g)

How about this one?




Hierarchical Dirichlet Process

# What kind of distribution do we use for Gg ?

& Attempt 1:

a Problem: if Go is continuous, then with

probability ZERO, G; and G; share atoms
- /___\5____ Go

ol e

N

o There is NO Clustering between groups!




Hierarchical Dirichlet Process

# What kind of distribution do we use for Gg ?
# So, Gy must be discrete!
# Solution — the Hierarchical Dirichlet Process:

VANE

H
,# | ‘I |M|‘ |

a_@ a0 e Lt
@
&

Go ~ DP(v, H)
G; ~ DP(a,Gp)

N; 97;3' ~ G;
. xij|0i; ~ p(xij]0:5)




Example 1: HDP topic model

# H — a measure on multinomial probability
vectors, e.g., V-dimensional Dirichlet

distribution

# G, provides a countably infinite collection
of multinomial probability vectors (i.e.,
topics)

# G selects a document-specific subset of
topics

# 0;; is a particular topic




Example 1: HDP topic model
# Results on 5838 biology abstracts

Perplexity on test abstacts of LDA and HDP mixture

1050 T T T T T T T T
uuuuu IDA

— HDP Mixture

|

1000r

\
)
}

9501

9001

Perplexity

8501

8001

?SD 1 1 1 | 1 1 1 1 1 1
10 20 30 40 50 60 70 80 90 100 110 120
Number of LDA topics

[Teh, Jordan, Beal, & Blei, JASA, 2006y




Example 1: HDP topic model
# Results on 5838 biology abstracts

Posterior over number of topics in HDP mixture
15

10

Number of samples
LA

61 62 63 64 65 66 67 68 69 70 71 72 73
Number of topics

[Teh, Jordan, Beal, & Blei, JASA, 2006y




Example 2: HDP topic model for multi-
corpora

# H — a measure on multinomial probability
vectors, e.g., V-dimensional Dirichlet

distribution

# G, provides a countably infinite collection

topics) a

® G, selects a corpus-specific subset of topics

# G" selects a document-specific subset of

topics

H
: : e : v
of multinomial probability vectors (i.e.,

® 07 isa particular topic




Example 2: HDP topic model for multi-
corpora

# Results on NIPS conference proceedings (1988-1999)

Average perplexity over NIPS sections of 3 models
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[Teh et al., 2006]




Example 3: Infinite HMMSs
- 33373
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Infinite HMMSs
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Questions about HDP?

@ Sampling algorithms?
# Variational inference algorithms?

& Stick—breaking construction representation?
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